In this paper, a Barnes-Godunova-Levin type inequality for the Sugeno integral based on an (α, m)-concave function is proved. Some examples are given to illustrate the validity of these inequalities. Finally, several important results, as special cases of an (α, m)-concave function, are also obtained. MSC: 03E72; 28B15; 28E10; 26D10
Introduction
As a tool for modeling non-deterministic problems, the theory of fuzzy measures and fuzzy integrals was introduced by Sugeno in [] . Many authors generalized the Sugeno integral by using some other operators to replace the special operator(s) ∨ and/or ∧ and After some preliminaries and summarization of previous known results in Section , Section  deals with a Barnes-Godunova-Levin type inequality for the Sugeno integral, and some examples are given to illustrate the results. Finally, as special cases, some remarks are obtained.
Preliminaries
In this section, we recall some basic definitions or properties of a fuzzy integral and an (α, m)-concave function. For details, we refer the reader to Refs. [, , ].
Suppose that ℘ is a σ -algebra of the subsets of X, and let μ : ℘ → [, ∞) be a nonnegative, extended real-valued set function. We say that μ is a fuzzy measure if it satisfies:
, (α, )} one obtains the following classes of functions: decreasing, α-starshaped, starshaped, m-concave, concave and α-concave.
If f is a non-negative real-valued function defined on X, we denote the set {x ∈ X :
Let (X, ℘, μ) be a fuzzy measure space, we denote by M + the set of all non-negative measurable functions with respect to ℘.
The Sugeno integral (or the fuzzy integral) of f on A, with respect to the fuzzy measure μ, is defined as
where ∨ and ∧ denote the operations sup and inf on [, ∞), respectively.
The properties of the Sugeno integral are well known and can be found in [] .
Proposition . Let (X, ℘, μ) be a fuzzy measure space, A, B ∈ ℘ and f , g ∈ M + then: 
and f and g are said to be counter-monotone if for all x, y ∈ X,
It is clear that if f and g are co-monotone, then for any real numbers s, t either F s ⊆ G t or F t ⊆ G s .
Barnes-Godunova-Levin type inequality for the Sugeno integral based on an (α, m)-concave function
The classical Barnes-Godunova-Levin type inequality provides the inequality
and f , g are non-negative concave functions on [a, b] .
Unfortunately, the following example shows that the Barnes-Godunova-Levin type inequality for the Sugeno integral is not valid. 
Example
A straightforward calculus shows that
However,
This proves that the Barnes-Godunova-Levin type inequality for the Sugeno integral is not satisfied.
The aim of this work is to show a Barnes-Godunova-Levin type inequality for the Sugeno integral with respect to an (α, m)-concave function.
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, then by () of Proposition . and the comonotonicity of h  (x) and h  (x), we have
(  .   )
Case (ii). If f () > f () and g() > g()
, then by (.) we obtain
This completes the proof.
Example Consider X = [, ] and p = , q = . If we take the functions
. Let m be the Lebesgue measure on X. A straightfor-ward calculus shows that
By Theorem ., we have
Now, we will prove the general cases of Theorem ..
If μ is a Lebesgue measure on X, then
where 
